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", Abstract 

' Let Z(Ann{r, R)) be the class of all continuous functions / on the 

CN ■ annulus Ann{r,R) in C"' with twisted spherical mean / x fisiz) = 0, 

^ I whenever z G C" and s > satisfy the condition that the sphere 

^ I Ss{z) C Ann{r,R) and ball i?r(0) ^ Bs{z). In this paper, we give a 

^ ' characterization for functions in Z{Ann{r, R)) in terms of their spher- 

ed , ical harmonic coefficients. We also prove support theorems for the 

I twisted spherical means in C"^ which improve some of the earlier re- 

1— !■ suits. 

: 
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^' : 

g : 1 Introduction and the main results 

For s > 0, let /is stand for the normalized surface measure on {z G C" : |z| = 
^ . s}. The twisted spherical means of a function / in Lj^^lC^) are defined by 

^ : 

00 : fxfi,{z)= [ f{z-w)e^^'"'^'-''^dfis{w), zeC\ (1.1) 

' J\w\=s 

2 I These twisted spherical means arise in a natural way from the spherical means 

Q>^ • on the Heisenberg group H". The group H", as a manifold is C" x M, with 

O ■ the group law 

; {z,t){w,s) = {z + w,t + s + -Imz.w). 

X ■ 

^1 If /is is now considered as a measure on {{z, 0) : \z\ = s} C EI"', then the 

■ ■ ■ ' spherical means of a function / in Ll^^{M^) are defined by 

f*l2,{z,t)= I f{{z,t){-w,0)) di2,{w). (1.2) 

J |ui|=s 



Let 

f\z)= I f{z,t)e'^'dt, 



be the inverse Fourier transform of / in the M variable. 
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Then a simple calculation shows that 

/oo P 
f*li,{z,t)e'^'dt= / f\z-w)e'^''^^'-^Uii,{w). (1.3) 
-oo J \w\=s 

We can also define the A-twisted convolution of functions F and G in 
L^C") by 

F xx G{z) = [ F{z- w) G{w) ^™(^-'^) dw. 
Jc" 

Then, fl 1.3 p can be rewritten as 

{f*^^,)\z) = fx,^^,{z). 

Thus, the spherical means / * /i^ on the Heisenberg group can be studied 
using the A-twisted spherical means Xx f^'s on C". A further scaling argu- 
ment shows that it is enough to study these means for the case of A = 1. 
From now onwards, we shall write F x G instead of F x i G and call it the 
twisted convolution of F and G. 

Let Ann{r, i?) = {2; G C" : r < |2;| < i?}, < r < i? < 00, be an open 
annulus in C". Let Z{Ann{r, R)) be the class of all continuous functions on 
Ann{r,R) with the twisted spherical means 




f{z - w)ei^"'^'-''Ufis{w) = 0, 



for all z e and s > satisfying the condition that the sphere Ss{z) 
is contained in the annulus Ann{r,R) and the ball Bs{z) contains the ball 

Brio). 

Equivalently, / G Z{Ann{r, R)) if / x fis{z) = 0, for all z G and s > 
for which the sphere Ss{z) is contained in the annulus Ann{r, R) and the ball 
Bs{z) contains the ball Br{0). 

Our main result. Theorem 1.1, gives a necessary and sufficient condition 
for a function / to be in Z{Ann{r, R)) in terms of its spherical harmonic 
coefficients. As a corollary, we shall also prove some support theorems, for 
the twisted spherical means, which improve resuhs in jNT2] . 

This work is motivated, in spirit, by the work of Epstein and Kliener 
|EKj on the spherical means in annular regions in Euclidean spaces. For 
some other closely related work on spherical means see |ARj . [NTlj . 

To state our results, we shall require the following basic facts from the 
theory of bigraded spherical harmonics. (See [T], p. 12). We shall use the 
notation K = U{n) and M = U{n - 1). Then S'^""^ = K/M under the map 



2 



kM — > k.Cn, k e U{n) where e„ = (0,0,..., 1) G C". Let Km denote the 
set of all the equivalence classes of irreducible unitary representations of K 
which have a nonzero M-fixed vector. For our set up of K and M, it is known 
that for each representation in Km has a unique nonzero M-fixed vector, up 
to a scalar multiple. 

For a (5 G Km^ which is realized on V^, let {ei, . . . , ed(5)} be an orthonor- 
mal basis of Vs, with ei as the M— fixed vector. Let tl^ik) = {ei,6{k)ej), 
k E K and (, ) stand for the innerproduct on Vs. By Peter- Weyl theorem, it 
follows that {^/d(J)t]l ■ ^ < 3 < d{5),5 G Km} is an orthonormal basis of 
L\K/M). (see [T], p. 14 for details). Define Yf{uj) = y^di6)t^j^{k), where 
u = k.Cn G k e K.lt then follows that {Yf : I < j < d{6), 6 G Km, } 

forms an orthonormal basis for L^(5'^"~^). 

For our purposes, we need a concrete realization of the representations 
in Km, which can be done in the following way. See [Rj, p. 253, for details. 

Let Z"*" denote the set of all non negative integers. For p,q & Z"*", let Pp^g 
denote the space of all polynomials P in z and z of the form 

^(^) = E E ^"/^ 

H=p\f3\=q 

Let Hp g = {P G Pp^q : AP = 0} where A is the standard Laplacian on 
C". The elements of Hp q are called the bigraded solid harmonics on C". The 
group K acts on Hp^q in a natural way. It is easy to see that the space Hp q is 
i^-invariant. Let tt^ ^ denote the corresponding representation of K on Hp q. 
Then, representations in Km can be identified, up to unitary equivalence, 
with the collection {vTp ^ : p, g G Z"*".} 

Define the bigraded spherical harmonics on the sphere S'^^~^ by Yp'^lu) = 
V d{p, q)t^f{a), where u = k.Cn G S'^^~^, k G K and d{p, q) is the dimension 
of Hp^q. Then {Yj''^ : 1 < J < d{p,q),p,q G Z+} forms an orthonormal basis 

for L2(^2n-l)_ 

Therefore, for a continuous function / on C", writing z = puj, where 
p > and uj G S*^*^"^, we can expand the function / in terms of spherical 
harmonics as 

d{p,q) 

/M = EEE «r(p)>;'»- (1-4) 

p <? i=i 

The functions a^''^ are called the spherical harmonic coefficients of the 
function /. 

The {p,qy^ spherical harmonic projection, Ilp^q[f), of the function / is 
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then defined as 



d(j),g) 

np,.(/)(p,^)= E af\p)Yf'\u;). (1.5) 
i=i 

We will replace the spherical harmonic YJ'''^{uj) on the sphere by the solid 
harmonic Pj''^{z) = \z\p~^'^YJ'''^{-^^^) on C" and accordingly for a function /, 

define a^''^{p) = p^^P+^^ a^'''(p), where a^''^ are defined by equation I 1.4 [ We 
shall continue to call the functions a^''' the spherical harmonic coefficients of 
/. 

Our main result is the following characterization theorem. 

Theorem 1.1. Let f{z) be a continuous function on Ann{r,R). Then a 
necessary and sufficient condition for f to be in Z{Ann{r, R)) is that for all 
g G Z"*", 1 < j < d{p, q), the spherical harmonic coefficients a^'^ of f satisfy 
the following conditions: 

1. For p = 0, g = 0, and r < p < R, 



2. For p, g > 1, and r < p < R, there exists Ci, dk G C, such that 



i=l k=l 

3. For q = and p > 1 or p = and q > I, and r < p < R, there exists 
Ci, dk G C, such that 

~<(P) = E e^"' p-'^^+--% dYip) = Y.dk e-\^%-^^^^-^) . 

i=\ k=l 

Using the above characterization for the case when R = oo,we also prove 
the following support theorems for the twisted spherical means. 

Theorem 1.2. Let f be a continuous function on C" such that for each 
/c = 0, 1, 2, • ■ ■ , |2;|^'e4l^l Ifi^)] ^ C*fe- Then f is supported in \z\ < r if and 
only if f X Ps{z) = for s > r + \z\ and for every z G C". 

Theorem 1.3. Let f be a continuous function on C. Then f is supported in 
\z\ < r if and only if f x fi.s{z) = Ps x f{z) = for s > r + \z\ and for every 
zeC. 
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2 Preliminaries 

We begin with the observation that the t/(?7.)-invariance of the annulus and 
the measure fig imphes that for any / in Z{Ann{r, R)) and p,q E Z"*", Ilp^q{f), 
as defined in equation I 1.5 I also belongs to Z{Ann{r, R)). In fact the follow- 
ing stronger result is true. 

Lemma 2.1. Suppose f G Z{Ann{r, R)). Then for p,q G Z+ , 

af%\z\)Yt\u;) G Z{Ann{r, R)),l < z,j < rf^,,. 

In particular, if f E Z{Ann{r, R)), then Ilp^g{f) G Z{Ann{r, R)) for all 
p,q E Z"*". 

Proof. : For k G U{n),u! G S'^"'"^, we have 

d{p,q) 

Using the orthogonality of the matrix entries, we have 

af%\z\) rrico) = d{p, q) [ fik-h)t^f{k) dk (2.6) 

Ju{n) 

for I < i, j < d{p, q). 

The proof now follows from the [/(ra) -invar iance of the annulus and the 
measure /x^. □ 

We shall also frequently need the following lemma to decompose a homo- 
geneous polynomial into sum of homogeneous harmonic polynomials uniquely. 

Lemma 2.2. Let P G Pp,q- Then we can write P{z) = Po{z) + \z\'^Pi{z) + 
+ |zp'P;(z) where Pk G Hp_k^q-k, and I < min{p,q). 

For a proof of this lemma see [T], p. 66. 

Let p,q,l,m G Z"*". Define the space Hp^g ■ H^m to be the vector space of 
finite sums of the form ^ PiQi where Pi G Hp g and Qi G Hi m- Let 

u = z/(p, q, I, m) = min{p, m) + min{l, q). 

Then the following lemma has been proved in [Rj, p. 253. 

Lemma 2.3. Hp^g.Hi^rn C XlLo ^p+i~j, q+m~j where v = u{p,q,l,m). 
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As in the proof of the Euchdean case [EKj . to characterize functions in 
Z{Ann{r, R),) it would be enough to characterize the spherical harmonic 
coefficients of smooth functions in Z{Ann{r, R)). This can be done using the 
following approximation argument. Let be a nonnegative, radial, smooth, 
compactly supported function supported in the unit ball in C" with = 1. 

Let 4>e{z) = e~^"'0(-|). Then the function 

Se{f){z)= [ f{z-w)Uw)e^''^^'-'''>dw 

is smooth and it is easy to see that S^{f) lies in Z{Ann{r + e, R — e)) for each 
e > 0. Since / is continuous, Se{f) converges to / uniformly on compact sets. 
Therefore, for each p, q, 

Henceforth, we would assume, without loss of generality, that the func- 
tions in Z{Ann{r, R)) are also smooth in the annulus Ann{r, R). This would 
allow us to differentiate the functions in Z{Ann{r, R)) arbitrarily. 

Let us define the 2n vector fields on C" by 

_ d 1_ - _ d 1 

These vector fields together with the identity generate an algebra which 
is isomorphic to the {2n + l) dimensional Heisenberg algebra. For the twisted 
convolution on C", they play a role similar to that of the Lie algebra of left 
invariant vector fields on a Lie group. 

It is easy to verify that if / G Z{Ann{r, R)), then 

Zjif X /i^) = Zjf X and Zj{f x /i,) = Zjf x /i,. 
As a consequence, Zjf and Zjf both belong to Z{Ann{r, R)). 

3 The Proofs 

We shall first prove the necessary part of Theorem 11.11 For this, by Lemma 
12.11 it is enough to prove the following theorem. 

Theorem 3.1. Let f be a smooth function on Ann{r, R) of the form f{z) = 
d{p) P{z), where \z\ = p and P G Hp q. Then, for f to be in Z{Ann{r, R)) it 
is necessary that d satisfies the following conditions. 



6 



1. If p = 0,q = and r < p < R, then a{p) = 0. 

2. If p,q > 1 and r < p < R, then there exists Ci, dk G C, such that 

i=l k=l 

3. If q = and p > 1 and r < p < R, then there exists Ci G C, such that 

a{p) = Q e-^"" p"'^P+^-'\ 

i=l 

4- If p = and q > I, and r < p < R, then there exists dk G C, such that 

Proof. If p = 0, g = 0, then 

^(p) = / f{w)dpLp{w) = / X /ip(0) = for i? > /? > r, 

J \w\=p 

and the condition on ao,o follows. 

For the other cases, we proceed in the following way. Since Zjf G 
Z{Ann{r, R)), computing 

df_ , 1 



-2{q+n-k) 

k=l 



we have 



I.e., 



Also 



- . Zj da ^ ^dP 1 - „ 



k=l ^ 



^dP 



4— + ^.A.(P). 



"J 
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Since P is harmonic, we have 



dP 



We shall need the identity 



,dP. 
dE 



dP 

4:(n + P + q - 1)77— • 
dzj 



(3. 



(3.9) 



For this, note that 



k=l 



dzkdzk 



z 



2P) 



_d_ 

dzi 



k=l 

n 

k=l 

4(n + q + p)P. 



ZkP + \z\ 



.dP\ 



dzk) 



_ dP dP 

P + ZkTT— + Zk— 

OZk OZk 



dP 



Since 7— is a homogeneous harmonic polynomial of degree p + [q — 1), 

dzj 

we have fl 3.9 I) . By Lemma [2^ ^ Pp+i,q has a unique representation 



ZjPiz) = Poiz) + \z\'Piiz) + ■■■ + \zfPi{z) (3.10) 
where Pk G Hp+i_k^q-k, ^ < k < I < min(p + 1, g). We shall now show that 



z,P{z) = Po{z) + 
From fl 3.8 h and f l 3.9 L we have 



dP 



[n + p + q — 1) dzj 



(3.11) 



dP 



zP 

^ {n + p + q — I) dz 



0. 



We know that representation in fl 3.10 p is unique. Therefore 



ZjP{z) 



ZjP{z] 



dP 



+ 



dP 



{n + p + q — 1) dzj {n + p + q — 1) dzj 
which is nothing but f l 3.11 \\ . In view of f l 3.11 I) . (3.7) can be rewritten as 



1/195 1^ 



2\pdp 2 



Poiz) + 



dP 



{n + p + q — 1) dzj 



+ a 



dP 

dzj' 



After rearranging the terms, we have 
Zjfiz) 



1 fldd 1 . ^ 



1 



d_ 1 . 

2{n + p + q-l) \^dp^2^ 
Similarly, we can obtain 



1 U 



dP 
dzj' 



I (ld~a 1 

1 



P- 



d 



2{n + p + q- 1) \dp 2 
Hence the projection Hp^q-i of Zjf is 

1 f d 1 



P 



1 U 



dP 



n 



2{n + p + q-l) \^dp ' 2 



;P 



1 ^ a 



dP 



(3.12) 



9P 



Let j9 = and g = 1. Then there exists a j such that 7— is a non-zero 

OZj 

constant. Therefore, in this case, 

no,.(V)W = c{i^(p| + ip=)+i}a(p) 

is in Z{Ann{r, R)). Evaluating the twisted spherical mean at z = 0, we get 



Ua = 0. 



d 1 . 
2n \% + 2^^ 

To solve this equation, we substitute a(p) = e"*'' 5(p) and get the differ 
ential equation 

Id 
-p— + ll>6 = 0. 



e 



2?i 9p 

Solving it, we conclude that for the case p = 0,q = 1, the coefficient 
a(p) = Cie'^P p~'^'^. 

A simple induction argument gives that for p = and g > 1, a satisfies 



n 



1 



d 1 



and therefore 



L t2(n + g-z) V^P 2 



iu = o 



Similarly, using equation (3.12), we find that for p > 1, and g = 0, we 
have 

~a{p) = ^ 4 e3''V-2("+f-^^). 
fc=i 

This completes the description of the coefficients (p, q) when either p or g is 
zero. 

Next we take up the case when p = 1, g = 1. This can be reduced to case 
of p = 0, g = 0, by means of the operators Zj and Zj. 

For this, using Lemma 12.11 without loss of generality, assume that func- 
tion is of the form, f{z) = a{p)ziZ2 G Z{Ann{r, R)). Applying the operators 
Z1Z2 and taking the (0, O)*'* projection, we have 

Solving this differential equation, we get 

a{p) = c,e"^p'p-^(^+^) + d,e~'^P"p-^^^+'\ 

Finally, for the arbitrary p, q, again using Lemma 12.11 we can again as- 
sume that the function is of the form, f{z) = a(p)Z]'z2^ ^ Z{Ann{r, R)). 
Applying the operator 2'| and taking (0, O)*'^ projection, we have 

where Ai = (2(n + p + q — and Bk = (2(n + p + q — k))~^ . 
Solving this, we get 

j=l k=l 

This completes the proof of the theorem. 

□ 

Now we shall prove the sufficient part of Theorem 11.11 The proof of this 
part runs exactly the same way as that worked out for an example in |NTlj . 
Nonetheless, for the sake of completeness, we give it here for the general 
case. This proof will be using the result of Epstein and Kliener |EK] on the 
spherical means on W^, which we briefly describe here. 
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For a function / on Mf^ we have the spherical harmonic expansion 



f(x) = fipu;) = J2Yl ^MYli^) 

k=0 1=1 

where p = \x\ and {YI{uj) : / = 1,2, d^} is an orthonormal basis for 

the space Vk of homogeneous harmonic polynomials of degree k restricted to 
the unit sphere. For each k, the space Vk is invariant under the action of 
SO{d). When d = 2m for some m, it is invariant under the the action of 
the unitary group U (m) as well, and under this action of U (m) the space Vk 
breaks up into an orthogonal direct sum of Hp^qS where p + q = k. Let ag 
stand for the normalized surface measure on the sphere of radius s centered 
at the origin contained in W^. The main result in [EK] implies the following 
theorem for the special case of the annulus {x G M'' : \x\ > B}: 

Theorem 3.2. A continuous function f on satisfies 

/ g{x + y)das{y) = for s> \x\+ B for all x G M'' 

J\y\=s 

if and only if 

k-l 
j=0 



for all k > 0, 1 < I < dk, and ao(p) = whenever p > B. 

Next we take up the proof of the sufficient part of Theorem ll.li 
Theorem 3.3. Suppose h is a function defined on Ann{r, oo) by h{z) 
where P G Hp^q and 1 < i < p. Then h G Z{Ann{r, oo)). 



\^\2{n+p+q-i) 



Proof. We have to show that h x ps{z) = for all z, s with + r < s. 
Consider, 

J\u,\=s l^ + wpC^+P+'J-O ^'"^ ' 

Expanding the term |2; + and simplifying, we see that it is enough to 
consider the integral 



e^-'"P{z + w) , , , 
-dps[w). 



1^1=^ |2 + ^(;|2(n+p+g-») 
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On expanding the exponential factor, this leads to terms of the form 

w°'P(z + w) 



1^,=^ |^ + y;|2(n+p+<?-i) 

where a is a multi-index. Writing wi = zi + wi — zi etc. and expanding 
again we see that it is enough to consider terms of the form 



[w + zYP{z + w) , , , 



\w\=s 



\Z 



+ l(;|2("'+P+9-«) 



Let g{z) = |^|2(f+p+9-») ■ Then, the above expression is 

g{z + w)d(rs{w), 



' \w\=s 

which is a Euclidean spherical mean of g on the sphere of radius s centered 
at the origin contained in M^". 
Thus, we need to show that 



g{z + w)das{w) = 0, 

w\=s 

for s > + r. 

Using the Lemma [2.31 we have the decomposition 

z^P{z) = Po{z) + \z\''P,{z) + ■■■ + \z\^'Pi{z) 

where Pj G Hp^\i3\_jg_j, for < j < / , I < min{\P\,q). With this, the 

function g further decomposes in functions of the form \z\~'^^^~^p~^''~^~^^ Pj{z). 

Hence, to prove that g satisfies the desired convolution equation, it is 
enough to show that the function \z\~'^^^~^p~^'^~''~^^ Pj(z) satisfies it. 

Let us rewrite 

|^|-2(n+p+(7-i-i)p^j^^^ _ pk-2n-2{p+q-i-j)Y^ 

where k = p + q + \/3\ — 2j and Yk is a spherical harmonic of degree k on 
M^" . Using Theorem 13.21 we need to show that 0<p + q — i— j </c — 1, or 
equivalently j — i < \P\ — I. 

If \p\ < q, then / = and j - i < j - 1 < \P\ - 1 (since j < \P\ and 
1 < i < p). For \f3\ > q, we get / = q. Since \f3\ > q > j, therefore we have 

- 1 > j - 1 > j - z, as 1 < z < p. 

This completes the proof. □ 



12 



Similarly, we can prove the following theorem. 
Theorem 3.4. Suppose h is a function defined on Ann{r, R) by h{z) = 
|^|2(n+p+g-fc) ' "^^^^^ ^ ^ and k = 1, - ■ ■ ,q. Then h G Z{Ann{r, R)). 

Putting together Theorem 13.31 and Theorem 13.41 the sufficient part of 
Theorem 11.11 follows. 

4 Proofs of the support theorems and con- 
cluding remarks 

We begin by recalling the Helgason's support theorem ([H], p. 16) for Eu- 
clidean spherical means. 

Theorem 4.1. Let g be a continuous function on such that for each 
k = 0,1, ■ ■ ■ , sup \x\^\g{x)\ < oo. Then g is supported in {x G M'' : |x| < B} 
if and only if 



Here, as before, ag stand for the normalized surface measure on {x G 
M'^ : |x| = s}. 

This theorem can now be deduced as a corollary of Theorem 13.21 (also 
noted in |EK] ) . as the spherical harmonic coefficients of / satisfy the same 
decay conditions as /. 

Next we recall the following support theorems for the twisted spherical 
means proved in [NT2] for the twisted spherical means. 

1 I 1 2 

Theorem 4.2. Let f be a function on C" such that f{z)e^'^' is in the 
Schwartz class. Then f is supported in \z\ < r if and only if f x fJ's{z) = 
for s > r + \z\ for every z G C". 

In the above theorem, the function / is assumed to have exponential de- 
cay, which reflects the non-Euclidean nature of the twisted spherical means. 
Such decay conditions also arise naturally in the integral geometry on the 
Heisenberg group as can be seen in the results in [ARj . |NTlj . However, 
the differentiability conditions on the function are genuine and cannot be 

1 I |2 

relaxed. This is because the condition that f{z)ei'^' is in Schwartz class is 
not translation invariant ( |NT2j ). Nonetheless, to do away with the smooth- 
ness condition on /, a stronger condition like 1/(2^)1 < C e"*-*^'^^'^'^, for some 




g{x + y)dasiy) = for s > \x\ + B for all x eW^. 
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e > can be imposed. As then we may convolve / on the right with a radial 
approximate identity to get smooth functions {f^} which approximate / and 
also satisfy the vanishing mean conditions. 

In contrast, in Theorem 11.21 we do not impose any differentiability con- 
ditions on the function nor do we impose a stronger decay condition. Our 
conditions can be thought of as an exact analogue of the conditions in the 
Euclidean set up. 

The proof of Theorem 11.21 follows immediately from Theorem 11.11 as the 
spherical harmonic coefficients a^'^ satisfy the same decay conditions as the 
function /. 

When n = 1, the authors in |NT2] have shown that under very weak 
conditions on / and with a suitable condition involving both sided twisted 
spherical means the following result holds. 

Theorem 4.3. Let f be a locally integrable function on C satisfying the 
condition that \f{z)\ < C e^^^"^)!^! for some e > 0. Then f is supported in 
\z\ ^ B if and only if f x firiz) = fir x f{z) = for r > B + \z\ for every 
ze C. 

In the version Theorem 11.31 of this support theorem, we do not need any 
growth conditions on the function. 

For a proof of Theorem II. 3[ let us consider the space Z*{Ann{r, R)) 
of continuous functions / on C" with both the twisted spherical means 
/ X fisiz) = /is X f(z) = for all spheres Ss{z) contained in the Ann{r,R) 
and with Bj.{0) C Bs[z). Then Theorem 11.11 can be strengthened to the 
following result: 

Theorem 4.4. A necessary and sufficient condition for a function f to be- 
long to Z*{Ann{r, R)) is that for p,q G Z"^ and 1 < j < d{p,q), the spherical 
harmonic coefficients aj'''{p) of f satisfy, for r < p < R, 

min{p,q) min(p,q) 
i=l k=l 

and a^''' = aFf^ = 0. Here Ci, dk are arbitrary constants in C. 

Proof. As fip X f = f X fip, it follows that / G Z*{Ann{r, R)) if and only 
if / G Z*{Ann{r, R)). Also a {p,q)th spherical harmonic coefficient of /, 
a^f'^if) is related to the corresponding spherical harmonic coefficient of / by 
aj''^{f) = dfj''^{f). Hence the conclusion follows from Theorem ll.li □ 
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The proof of Theorem 11.31 now follows as a corollary of the above theorem 
and the observation that for n = 1, the nonzero spaces Hp g will have either 
the p = or g = 0. 

It is therefore no surprise that the decay condition on / could be com- 
pletely relaxed for the support theorem on functions on C. 

Finally, coming back to the Heisenberg group H" = x M, let / be 
a continuous function on which has the spherical means (as defined in 
1X21 / * fis{z, t) =0 for alH e M and z G C" satisfying 5^(0) C Bs{z) and 
Ss{z) C Ann{r, R). The problem of characterizing such functions in general 
is open. However, if / is of the form f{z, t) = e'^^'^ip{z), A G M \ {0}, then an 
easy modification of the proof of Theorem 1 1.1 1 for A-twisted spherical means, 
A in M\ {0}, gives a characterization for / in terms of the spherical harmonic 
coefficients of the function ip. For A = 0, the problem reduces to the problem 
on Euclidean spherical means. 
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